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IRREDUCIBLE MODULES OVER THE DIVERGENCE ZERO
ALGEBRAS AND THEIR q-ANALOGUES
XUEWEN LIU, XIANGQIAN GUO AND ZHEN WEI
Abstract. In this paper, we study a class of Zd-graded modules, which are constructed
using Larsson’s functor from sld-modules V , for the Lie algebras of divergence zero vec-
tor fields on tori and quantum tori. We determine the irreducibility of these modules for
finite-dimensional or infinite-dimensional V using a unified method. In particular, these
modules provide new irreducible weight modules with infinite-dimensional weight spaces for
the corresponding algebras.
Keywords: Divergence zero algebras, Witt algebras, quantum tori, irreducible modules.
1. Introduction
Representation theory for infinite-dimensional Lie algebras have been attracting extensive
attentions of many mathematicians and physicists. These algebras include Kac-Moody al-
gebra, (generalized) Virasoro algebra, Witt algebras, Cartan type Lie algebras, Lie algebras
of Block type and so on. For any positive integer d, the Witt algebra Wd is the derivation
algebra of the Laurent polynomial algebra Ad = C[t
±1
1 , . . . , t
±1
d ]. This algebra is also known
as the Lie algebra of the group of diffeomorphisms of the d-dimensional torus.
The representation theory of Witt algebras was studied extensively by many authors, see
[B, BF, BMZ, E1, E2, GZ, LZ1, T] and references therein. In 1986, Shen [Sh] defined a class
of modules F αb (V ) over the Witt algebra Wd for any weight modules over the special linear
Lie algebra sld, where α is any d-dimensional complex vector and b is a complex number.
These modules as well as the functors F αb , known as the Larson functors now, were also
studied by Larson in [L1, L2, L3]. In 1996, Eswara Rao [E1] determined the irreducibility of
these modules for finite-dimensional V , and recently G. Liu and K. Zhao studied the case
when V is infinite-dimensional (see [LZ1]).
Geometrically, Wd may be interpreted as the Lie algebra of (complex-valued) polynomial
vector fields on a d-dimensional torus. It has a natural subalgebra consisting of vector fields
of divergence zero, which we denote by L̂d, and another subalgebra Ld, which is obtained
from L̂d modulo the Cartan subalgebra of L̂d. They are also known as the Cartan S type
Lie algebras. The modules F αb (V ) admit natural module structures for the algebra L̂d and
Ld, and the L̂d- or Ld-module structures on F
α
b (V ) do not depend on the parameter b, so
we will denote them by F α(V ). Recently, Talboom [T] determined the irreducibility of the
L̂d-module F
α(V ) for finite-dimensional V and Billig and Talboom [BT] investigated the
category J of jet modules for L̂d.
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Let q = (qij)
d
i,j=1 be a d×d matrix over C, where qij = q
−1
ji are roots of unity. We have the
d-dimensional rational quantum torus Cq = Cq[t
±1
1 , · · · , t
±1
d ] (see [N]), which has been used
to characterize the extended affine Lie algebras in [AABGP]. The derivation Lie algebra
Der(Cq) is a q-analogue of the Witt algebra Wd. The representation theory of Der(Cq) has
been studied by many mathematicians ([LT1, LZ2, MZ, Z]). The Lie algebra Der(Cq) has a
natural subalgebra L̂d(q), called the skew derivation Lie algebra of Cq. Removing the Cartan
subalgebra from L̂d(q), we obtain another natural subalgebra Ld(q). The algebras L̂d(q) and
Ld(q) are the q-analogues of the algebras L̂d and Ld introduced in the previous paragraph.
Similarly, for any sld-module V , we can construct the Shen-Larsson module for L̂d(q) and
Ld(q), which we denote by F
α
q (V ). The structures of the modules F
α
q (V ) are studied by
[LT2] for the case d = 2 and V being finite-dimensional sl2-modules.
In the present paper, we will determine the irreducibility of F α(V ) as modules over the
divergence zero algebra L̂d as well as Ld for arbitrary sld-module V in a unified way. Then we
generalize our results to the q-analogue algebras L̂d(q) and Ld(q). The paper is organized as
follows. In Section 2, we first introduce the notation of the Witt algebraWd, its subalgebras
L̂d and Ld, then we construct the modules F
α(V ) from irreducible special linear Lie algebra
modules V . In Section 3, we will determine the irreducibility of F α(V ) as modules over L̂d or
Ld for irreducible sld-modules V . In fact, we can give a description of all their submodules.
We will handle the problems for both finite-dimensional and infinite-dimensional V using a
unified method. When V is finite-dimensional, our results for L̂d recover the main result of
Talboom [T] and our results for Ld are new. When V is infinite-dimensional, our results
provide new simple weight modules with infinite-dimensional weight spaces for both L̂d and
Ld. In the last section, we will generalize our results to the q-analogue algebras L̂(q)d and
L(q)d, which are natural subalgebras of derivation Lie algebra of quantum tori, where q is
a root of unity. In particular, we get new simple weight modules with infinite-dimensional
weight spaces for these algebras.
Our results for L̂d and Ld generalize the similar result of Liu and Zhao for the Witt algebra
Wd in [LZ1] and the result of Talboom for the algebra L̂d for finite-dimensional V ([T]). Our
results for the algebras L̂d(q) and Ld(q) are new except for the case when d = 2 and V is
finite-dimensional. The main difficulty in our question is that, unlike the algebras Wd or L̂d,
the algebras Ld and Ld(q) do not admit Cartan subalgebras and hence any submodule of a
weight module may not be a weight module automatically.
2. Preliminaries
We denote by C,Z,Z+,N the sets of all complex numbers, all integers, all non-negative
integer and all positive integer, respectively. All vector spaces and algebras are over C.
Fix a positive integer d > 2. For any n = (n1, · · · , nd)
T ∈ Zd+ and a = (a1, · · · , ad)
T ∈ Cd,
we denote an = an11 a
n2
2 · · · a
nd
d , where T means taking transpose of the matrix. Let gld be the
Lie algebra of all d × d complex matrices, and sld be the subalgebra of gld consisting of all
traceless matrices.
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Let Ad = [¸t
±1
1 , t
±1
2 , · · · , t
±1
d ] be the algebra of Laurent polynomials over C and denote
by Wd the Lie algebra of all derivations of Ad, called the Witt algebra. Set ∂i = ti
∂
∂ti
for
i = 1, 2, · · · , d, and tn = tn11 t
n2
2 · · · t
nd
d for n = (n1, n2, · · · , nd)
T ∈ Zd.
Let (·|·) be the standard symmetric bilinear form on Cd, that is, (u | v) = uTv ∈ C.
Homogeneous elements of Wd with respect to the power of t will be denoted D(u, r) =
tr
∑d
i=1 ui∂i for u = (u1, · · · , ud)
T ∈ Cd, r ∈ Zd. Then Wd is spanned by all D(u, r) with
u ∈ Cd and r ∈ Zd. The Lie bracket of Wd is given by
[D(u, r), D(v, s)] = D(w, r+ s),u,v ∈ Cd, r, s ∈ Zd,
where w = (u | s)v − (v | r)u. Geometrically, Wd may be interpreted as the Lie algebra
of (complex-valued) polynomial vector fields on a d-dimensional torus. Then we can deduce
a subalgebra of Wd, the Lie algebra of divergence zero vector fields, denoted by L̂d. It is
spanned by D(u, r) which satisfy (u | r) = 0, that is,
L̂d = spanC{∂i, t
r(rj∂i − ri∂j) | i, j = 1, · · · , d, r ∈ Z
d}.
Note that L̂d has the Cartan subalgebra
H = spanC{∂j | j = 1, · · · , d} = {D(u, 0) | u ∈ C
d}.
The algebra L̂d has a natural subalgebra
Ld = spanC{t
r(rj∂i − ri∂j) | i, j = 1, · · · , d, r ∈ Z
d}.
We see that the algebra Ld does not admit a Cartan subalgebra. When d = 2, the algebra
Ld is just the centerless Virasoro-like algebra.
Now we define some modules for these algebras. For any α ∈ Cd, b ∈ C, and gld-module V
on which the identity matrix acts as the scalar b, let F αb (V ) = V ⊗Ad. Then F
α
b (V ) becomes
a Wd-module with the following actions
D(u, r)(v ⊗ tn) = ((u | n+ α)v + (ruT )v)⊗ tn+r,
where u ∈ Cd, v ∈ V,n, r ∈ Zd.
When V is a finite-dimensional sld-module, F
α
b (V ) has all weight spaces finite-dimensional,
and the irreducibility of these modules are determined by [E1] (see also [GZ]). It was conjec-
tured that all irreducibleWd-modules with finite dimensional weight spaces are precisely the
generalized highest weight modules and the irreducible sub-quotient modules of F α(V ) for
finite-dimensional irreducible sld-modules V . This conjecture was recently proved by [BF].
When V is infinite-dimensional, it was shown that F αb (V ) is always irreducible by [LZ1].
Since L̂d and Ld are subalgebras of Wd, by restriction of the module action, F
α
b (V ) can
be viewed as a module for the algebras L̂d and Ld. This module are not dependent on b, so
we denote the resulted L̂d-module or Ld-module by F
α(V ). In ([T]), Talboom determined
the irreducibility of F α(V ) as a module over L̂d when V is finite-dimensional. In this paper,
we will determine the irreducibility of F α(V ) as a module over the algebra L̂d as well as
the algebra Ld, when V is an arbitrary simple sld-module. The main difficulty is that the
algebra Ld does not admit a Cartan subalgebra.
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3. Modules over the Divergence Zero Algebra
Let notation as in the last section. In particular, let V be an irreducible sld-module, α ∈ C
d
and Ld is the divergence zero algebra and we have constructed the Ld-module F
α(V ). Then
we recall some known results on finite-dimensional modules over sld.
Fix a standard basis of sld: {Ei,j, Ek,k−Ek+1,k+1, | i, j = 1, · · · , d, k = 1, · · · , d−1, i 6= j},
where Ei,j is the matrix with 1 as the (i, j)-entry and 0 otherwise. Let {µ1, · · · , µd−1}
be the coordinate functions on the d × d diagonal matrices, i.e., µi(Ej,j) = δi,j. Then
h = span{Ek,k − Ek+1,k+1, k = 1, 2, · · · , d − 1} is just the Cartan subalgebra, µi − µi+1 is a
base for the standard root system of sld and ωk = µ1 + · · · + µk, k = 1, · · · , d − 1 are the
fundamental dominant weights. Then any dominant weight is a Z+-linear combination of
these ωk and any finite-dimensional irreducible sld-module is a highest weight modules V (λ)
with a dominant highest weight λ. For convenience, we also denote ωd = µ1 + · · ·+ µd = 0.
The following technical lemma on sld-modules are taken from [LZ1].
Lemma 3.1. Let V be an irreducible sld-module (not necessarily weight module).
(1) For any i, j with 1 6 i 6= j 6 d, Eij acts injectively or locally nilpotently on V .
(2) The module V is finite-dimensional if and only if Eij acts locally nilpotently on V for
any i, j with 1 6 i 6= j 6 d.
For convenience, we denote dr,i = t
r(ri+1∂i − ri∂i+1) for r = (r1, · · · , rd)
T ∈ Zd and
i = 1, · · · , d − 1. Let V be an irreducible sld-module and F
α(V ) the corresponding Ld-
module. The action of Ld on F
α(V ) can be rewritten as
dr,iv ⊗ t
n =
(
(ri+1ǫi − riǫi+1|n+ α) + r(ri+1ǫi − riǫi+1)
T
)
v ⊗ tn+r, i = 1, · · · , d− 1,
where v ∈ V,n, r ∈ Zd, ǫi ∈ Z
d is the standard basis vector with 1 as the i-th entry and 0
otherwise. Then we have
Theorem 3.2. Let V be an irreducible sld-module such that V 6∼= V (ωk) for any k = 1, · · · , d
and N an Ld-submodule of F
α(V ). Then there exists nonzero v ∈ V such that v ⊗ tn ∈ N
for all n ∈ Zd.
Proof. Let N be a nonzero Ld-submodule of F
α(V ). Choose a nonzero vector
∑
r∈I vr⊗t
r ∈
N , where I ⊆ Zd is a finite subset. For any m = (m1, · · · , md)
T ,n = (n1, · · · , nd)
T ∈ Zd
and i, j ∈ {1, 2, · · · , d− 1}, we have
dm−n,idn,j(
∑
r∈I
vr ⊗ t
r)
=
(
(u1|α + n+ r) + (m− n)u
T
1
)(
(u2 | α + r) + nu
T
2
)
(
∑
r∈I
vr ⊗ t
m+r)
=
(
(u1|α+ n+ r) +
∑
k
(mk − nk)(mi+1 − ni+1)Ek,i −
∑
k
(mk − nk)(mi − ni)Ek,i+1
)
·
(
(u2|α + r) +
∑
l
nlnj+1El,j −
∑
l
nlnjEl,j+1
)∑
r∈I
vr ⊗ t
m+r ∈ N.
(3.1)
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where u1 = (mi+1 − ni+1)ǫi − (mi − ni)ǫi+1,u2 = nj+1ǫj − njǫj+1 ∈ C
d. Consider the right-
hand side of (3.5) as a polynomial in n with coefficients in N , and using the Vandermonde’s
determinant, we can deduce that,
∑
r∈I
d∑
k,l=1
(
nkni+1Ek,i − nkniEk,i+1
)(
nlnj+1El,j − nlnjEl,j+1
)
vr ⊗ t
m+r
=
∑
r∈I
d∑
k,l=1
(
nkni+1nlnj+1Ek,iEl,j + nkninlnjEk,i+1El,j+1
− nkninlnj+1Ek,i+1El,j − nkni+1nlnjEk,iEl,j+1
)
vr ⊗ t
m+r ∈ N, ∀ m ∈ Zd.
(3.2)
Step 1. If V is infinite-dimensional, then by Lemma 3.1, the action of Est on V is injective
for some 1 6 s 6= t 6 d. Without loss of generality, we may assume that s > t. Take i = j = t
in (3.2), then considering the coefficient of n2sn
2
t+1 gives
∑
r∈I EstEstvr ⊗ t
m+r ∈ N for all
m ∈ Zd, thanks to the Vandermonde’s determinant again. By replacing vr with EstEstvr we
may assume that
(3.3)
∑
r∈I
vr ⊗ t
m+r ∈ N, ∀ m ∈ Zd.
Now we suppose that V is finite-dimensional and hence a highest weigh module V (λ),
with λ being a dominant weight. Take any r0 ∈ I such that vr0 = v1 + · · ·+ vl 6= 0 with vi
being weight vectors of different weights and the weight of v1 is maximal. If the weight of
v1 is not λ, then there exists 1 6 j 6 d − 1 such that Ej,j+1v1 6= 0 has larger weight. Now
we consider that
dn,j
∑
r∈I
vr ⊗ t
r
=
(
(nj+1ǫj − njǫj+1|α+ r) + n(nj+1ǫj − njǫj+1)
T
)∑
r∈I
vr ⊗ t
n+r
=
∑
r∈I
(
(nj+1ǫj − njǫj+1|α+ r) +
d∑
k=1
(nknj+1Ek,j − nknjEk,j+1)
)
vr ⊗ t
n+r ∈ N.
(3.4)
Take suitable n ∈ Zd (for example, making nj ≫ ni for i 6= j), we see that −n
2
jEj,j+1v1 is a
nonzero weight component of dn,jvr0 with maximal weight larger than that of v1. Replacing∑
r∈T vr ⊗ t
r with dn,j
∑
r∈T vr ⊗ t
r, and repeating the above process several times, we may
assume that the weight of v1 is λ.
Suppose that λ =
∑d−1
k=1 akωk for some ak ∈ Z+. Since λ 6= wk for any k = 1, · · · , d,
there exist some 1 6 k1 6 k2 6 d − 1 such that ak1 + ak2 > 2. Let s be the 3-dimensional
simple Lie algebra spanned by Ek1,k2+1, Ek2+1,k1 and Ek1,k1−Ek2+1,k2+1. Note that λ(Ek1,k1−
Ek2+1,k2+1) = ak1 + ak1+1 + · · ·+ ak2 , hence the s-module generated by v1 has highest weight
ak1 + ak1+1 + · · ·+ ak2 > 2. In particular, E
2
k2+1,k1
v1 6= 0 and E
2
k2+1,k1
vr0 6= 0.
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Similar as for the infinite-dimensional case, taking i = j = k1 in (3.2) and considering the
coefficient of n2k2+1n
2
k1+1
, one can deduce 0 6=
∑
r∈I E
2
k2+1,k1
vr ⊗ t
m+r ∈ N for all m ∈ Zd.
By replacing vr with E
2
k2+1,k1
vr we may assume that (3.3) holds.
Step 2. Now we assume that (3.3) holds. In particular, we have∑
r∈I
vr ⊗ t
n+r ∈ N and
∑
r∈I
vr ⊗ t
n+k+r ∈ N.
Applying dm,i and dm−k,i to the above elements respectively, we get
dm,i
∑
r∈I
vr ⊗ t
n+r =
∑
r∈I
(
(u3|α+ n+ r) +mu
T
3
)
vr ⊗ t
m+n+r ∈ N
and
dm−k,i
∑
r∈I
vr ⊗ t
n+k+r =
∑
r∈I
(
(u4|α + n+ k+ r) + (m− k)u
T
4
)
vr ⊗ t
m+n+r ∈ N,
where u3 = mi+1εi − miεi+1,u4 = (mi+1 − ki+1)ǫi − (mi − ki)ǫi+1. Take m = 2k, and
subtracting a multiple of
∑
r∈I vr ⊗ t
m+n+r, we get∑
r∈I
(
(u3|r) +mu
T
3
)
vr ⊗ t
m+n+r ∈ N
and
1
4
∑
r∈I
(
2(u3|r) +mu
T
3
)
vr ⊗ t
m+n+r ∈ N.
These two formulas imply that∑
r∈I
(ki+1εi − kiεi+1|r)vr ⊗ t
2k+n+r ∈ N, ∀ k 6= 0, i = 1, · · · , d− 1.
Combining this formulas with (3.3), we can cancel some term involving vr, r ∈ I to make
I smaller. Finally, we deduce that vr ⊗ t
n ∈ N for some n ∈ Zd. Repeating Step 1 to this
element, we can obtain some v ∈ V such that v ⊗ tn ∈ N for all n ∈ Zd. 
Proposition 3.3. Let V be an irreducible sld and W is a Ld-submodule of F
α(V ). If there
exists v ∈ V such that v ⊗ tn ∈ W for all n ∈ Z, then W = F α(V ).
Proof. The proof is standard by showing that the subspace {v | v ⊗ tn ∈ W, ∀ n ∈ Z} is a
sld-submodule of V . We omit the details. 
Theorem 3.4. Let V be an irreducible sld-module which is not isomorphic to any V (ωk) for
k = 1, 2, · · · , d, then F α(V ) is an irreducible Ld-module.
Since Ld is a subalgebra of L̂, we can easily deduce the following corollary.
Corollary 3.5. Let V be an irreducible sld-module which is not isomorphic to any V (ωk)
for k = 1, 2, · · · , d, then F α(V ) is an irreducible L̂d-module.
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Now we determine the L-submodule structure of F α(V (ωk)) for all k = 1, · · · , d. First the
irreducibility of F α(V (ωd)) is clear: since V (ωd) = V (0) is the 1-dimensional sld-module, we
may identify F α(V ) = C[t±11 , · · · , t
±1
d ] with module action D(u, r)v(n) = (u | n+α)v(n+r),
which is irreducible when α /∈ Zd and is the direct sum of two irreducible submodules Ct−α
and
∑
α+n6=0Ct
n if α ∈ Zd.
Let V1 = V (ω1), the highest weight sld-module with highest weight ω1. Then we can
take V1 = C
d as a vector space such that sld acts on V via the matrix multiplication. Let∧k(V1) be the submodule of k-th tensor product module of V1 consisting of skew symmetric
elements. Then
∧k(V1) is just the highest weight sld-module with highest weight ωk for any
k = 1, 2 · · · , d.
Now let V =
∧k
Cd for some k = 1, 2 · · · , d and we consider the Ld-submodule structure
of F α(V ). It is easy to see that for any α ∈ Cd, the module F α(V ) has a natural submodule
W = {(v1 ∧ · · · ∧ vk−1 ∧ (α + n))⊗ t
n, v1, · · · , vk−1 ∈ C
d}
and for α ∈ Zd the module F α(V ) has additional submodules of the form
W ′ =W ⊕ (V ′ ⊗ t−α),
where V ′ is an arbitrary subspace of V .
Lemma 3.6. For any m,n ∈ Zd,u ∈ Cd with n 6= 0 and (u|n) = 0, there exists u′ ∈ Cd
such that (u′|m) = 0 and (u′ − xu|m− xn) = 0 for any x ∈ C.
Proof. Suppose that n = (n1, · · · , nd) and m = (m1, · · · , md). Without loss of generality,
we may assume n1 6= 0. Then we can write u =
∑d
i=2 ai(niǫ1 − n1ǫi) for some ai ∈ C. It is
easy to check that u′ =
∑d
i=2 ai(miǫ1 −m1ǫi) satisfies the requirement of the lemma. 
Theorem 3.7. Let V = V (ωk) for k = 1, 2, · · · , d− 1. Then
(1) If α /∈ Zd, then F α(V ) has a unique nonzero proper Ld-submodule W ;
(2) If α ∈ Zd, then any nonzero submodule of F α(V ) is of the form W ′ = W ⊕(V ′⊗t−α),
where V ′ is an arbitrary subspace of V .
Proof. Let N be a nonzero proper submodule of F α(V ). Choose a nonzero vector
∑
r∈I vr⊗
tr ∈ N , where all vr ∈ V are nonzero and I ⊆ Z
d is a finite subset.
Take any m1,m2 ∈ Z
d and u2 ∈ C
d with m2 6= 0,u2 6= 0 and (m2|u2) = 0. By Lemma
3.6, we can choose u1 ∈ C
d such that (m1|u1) = 0 and (m1 − xm2|u1 − xu2) = 0 for any
x ∈ C. Then, for x ∈ Z, we have
D(u1 − xu2,m1 − xm2)D(xu2, xm2)(
∑
r∈I
vr ⊗ t
r)
=x
∑
r∈I
(
(u1 − xu2|α+ r+ xm2) + (m1 − xm2)(u
T
1 − xu
T
2 )
)
·
(
(u2|α + r) + xm2u
T
2
)
vr ⊗ t
m1+r.
(3.5)
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By the property of the Vandermonde’s determinant, we see that the coefficients of monomials
in x are all in N . In particular, the coefficient of x2 gives∑
r∈I
((
(u1|α+ r) +m1u
T
1
)
m2u
T
2
+ (u2|α+ r)
(
(u1|m2)− (u2|α + r)−m1u
T
2 −m2u
T
1
))
vr ⊗ t
m1+r ∈ N.
(3.6)
Note that the above formula holds trivially for u2 = 0.
Claim 1. vr ⊗ t
r ∈ N for all r ∈ I.
Take m1 = 0 and u1 = 0 in (3.6), then we get
(3.7)
∑
r∈I
(u2|α + r)
2vr ⊗ t
r ∈ N.
Let m2 vary and we see that (3.7) holds for all u2 ∈ Z
d. On the other hand, we also have
(3.8) D(u,m)
∑
r∈I
vr ⊗ t
r =
∑
r∈I
(
(u|α + r) +muT
)
vr ⊗ t
m+r ∈ N, ∀ (m|u) = 0.
Replacing
∑
r∈I vr ⊗ t
r with D(u,m)
∑
r∈I vr ⊗ t
r in (3.7), we have
(3.9)
∑
r∈I
(u2|α + r+m)
2
(
(u|α + r) +muT
)
vr ⊗ t
m+r ∈ N, ∀ u2 ∈ Z
d.
It is easy to see that (u2|α+ r1+m)
2 = (u2|α+ r2+m)
2 as polynomials in u2 for r1 6= r2
if and only if α+ r1+m = ±(α+ r2+m), or equivalently, 2m = −r2− r1− 2α. Since there
are finitely many r ∈ I, we see that for all but finitely many m ∈ Zd, (u2|α + r +m)
2 are
distinct polynomials in u2 for distinct r ∈ I. Thus we deduce from (3.9), for all but finitely
many m ∈ Zd, that(
(u|α + r) +muT
)
vr ⊗ t
m+r ∈ N, ∀ r ∈ I,u ∈ Cd with (m|u) = 0.
Applying D(u,−m) to this element we obtain, for all but finitely many m ∈ Zd, that
(u|α + r)2vr ⊗ t
r ∈ N, ∀ u ∈ Cd with (m|u) = 0,
forcing vr ⊗ t
r ∈ N for all r ∈ I with α + r 6= 0. Moreover, if −α ∈ I, we also have
v−α ⊗ t
−α ∈ N . Claim 1 follows.
So we may assume that |I| = 1 and vr = v in the what follows, more precisely, we have
v⊗tr ∈ N for some r ∈ Zd. Replacing v⊗tr with D(u,m)(v⊗tr) for suitablem ∈ Zd,u ∈ Cd
with (m|u) = 0 if necessary, we may assume that α+r 6= 0 since V is a nontrivial sld-module.
Now we can get a basis {α + r,n1,n2, · · · ,nd−1} of C
d with n1,n2, · · · ,nd−1 ∈ Z
d.
Identify V with
∧k
Cd, where Cd is regarded as a sld-module via matrix multiplication.
Claim 2.
(
n1 ∧ · · · ∧ nk−1 ∧ vk
)
⊗ tr
′
∈ N \ {0} for some vk ∈ C
d and r′ − r is a linear
combination of n1, · · · , nk−1 with coefficients 1 or 0;
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The claim is true for k = d or k = 1. So we assume 2 6 k 6 d− 1, which implies d > 3 in
particular. Then we prove the following assertion by induction
(3.10) n1 ∧ · · · ∧ nl−1 ∧ vl ⊗ t
rl ∈ N \ {0}
for some vl ∈
∧k−l+1
C
d, 0 6 l 6 k such that rl − r is a linear combination of n1, · · · ,nl−1
with coefficients 1 or 0. By Claim 1, we have v ⊗ tr ∈ N for some nonzero v ∈ V . Hence
(3.10) is true for l = 0 with v0 = v and r0 = r.
Now suppose (3.10) holds for l 6 k − 1. If nl ∧ vl = 0, then we have vl = nl ∧ vl+1 for
some vl+1 ∈
∧k−l
Cd, and n1 ∧ · · · ∧ nl ∧ vl+1 ⊗ t
rl+1 ∈ N \ {0}, where rl+1 = rl.
Then consider the case nl ∧ vl 6= 0. Noticing that l 6 k− 1 6 d− 2, we can choose a basis
{ei, i = 1, · · · , d} of C
d such that ed = α + rl, ei = ni for 1 6 i 6 l and (ei|ej) = 0 for i 6= j
and l+ 1 6 i 6 d− 1. Since vl ∈
∧k−l+1
Cd and k − l+ 1 > 2, there exists l + 1 6 i 6 d− 1
such that
vl = ei ∧ u1 + nl ∧ u2 + nl ∧ ei ∧ u3 + u4,
with u1, u2 ∈
∧k−l(⊕dj=l+1,j 6=iCej), u3 ∈ ∧k−l−1(⊕dj=l+1,j 6=iCej), u4 ∈ ∧k−l+1(⊕dj=l+1,j 6=iCej)
and u1 6= 0. Then applying D(ei,nl) on n1 ∧ · · · ∧ nl−1 ∧ vl ⊗ t
rl, we get
D(ei,nl)(n1 ∧ · · · ∧ nl−1 ∧ vl ⊗ t
rl) =((α + rl|ei) + (nle
T
i ))n1 ∧ · · · ∧ nl−1 ∧ vl ⊗ t
rl+nl
=(eTi ei)(n1 ∧ · · · ∧ nl−1 ∧ nl ∧ u1)⊗ t
rl+nl
=n1 ∧ · · · ∧ nl−1 ∧ nl ∧ vl+1 ⊗ t
rl+1 ∈ N \ {0},
where vl+1 = u1 and rl+1 = rl + nl. Claim 2 follows.
Claim 3. The vector vk in Claim 2 lies in Cn1 ⊕ · · · ⊕ Cnk−1 ⊕ C(α + r
′);
Always note that {α+r′,n1, · · · ,nd−1} is a basis of C
d. The claim is trivial for k = d, so we
assume k ≤ d−1. Without loss of generality, we assume that vk ∈ C(α+r
′)⊕Cnk⊕· · ·Cnd−1
and we need only to show vk ∈ C(α + r
′). Suppose on the contrary vk 6∈ C(α + r
′), then we
will deduce a contradiction. Fix any m ∈ Zd.
If m ∈ Cn1⊕ · · ·Cnk−1⊕Cvk, then take any u ∈ C
d such that (u|vk) = (u|ni) = 0 for all
i = 1, · · · , k − 1 and (u|α + r′) 6= 0. We have
D(u,m)
(
(n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
r′
)
= (u|α+ r′)(n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
r′+m ∈ N \ {0},
forcing (n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
r′+m ∈ N .
If m 6∈ Cn1 ⊕ · · ·Cnk−1 ⊕ Cvk and k > 2, we take u ∈ C
d such that (u|vk) = (u|ni) = 0
for all i = 1, · · · , k − 1 and (u|α + r′) 6= 0. Then by (3.6), with m1 replaced by m, m2 by
n1, u2 by u,
∑
r∈I vr ⊗ t
r by (n1 ∧ · · ·nk−1 ∧ vk)⊗ t
r′ and u1 suitably choosed, we have((
(u1|α + r
′) +muT1
)
n1u
T
+ (u|α + r′)
(
(u1|n1)− (u|α+ r
′)−muT − n1u
T
1
))
(n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
r′+m
=(u|α + r′)
(
(u1|n1)− (u|α + r
′)− n1u
T
1
))
(n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
r′+m
=(u|α + r′)2(n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
r′+m.
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Consequently, we obtain (n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
r′+m.
If m 6∈ Cn1 ⊕ · · ·Cnk−1 ⊕ Cvk and k = 1. Then m /∈ Cv1 and there exists 1 6 i0 6 d− 1
such that v1,m,ni, i = 1, · · · , d−1, i 6= i0 form a basis of C
d. For simplicity, we may assume
that i0 = d− 1, that is, v1,m,ni, i = 1, · · · , d− 2 form a basis of C
d.
For any n = (n1, · · · , nd) ∈ Z
d, we write n =
∑d−2
i=1 xini+xv1+x
′m for some xi, x, x
′ ∈ C.
Write v1 = (v1,1, · · · , v1,d)
T ,m = (m1, · · · , md) and ni = (ni,1, · · · , ni,d) for convenience,
without loss of generality, we may assume that v1,1 6= 0. Take nonzero w ∈ C
d such that
(v1|w) = 0 and (α+r
′|w) 6= 0, then we can write w =
∑d
i=2 ai(v1,iǫ1−v1,1ǫi) for some ai ∈ C.
Set u =
∑d
i=2 ai(niǫ1 − n1ǫi), w
′ =
∑d
i=2 ai(miǫ1 − m1ǫi), wj =
∑d
i=2 ai(nj,iǫ1 − nj,1ǫi) for
j = 1, · · · , d − 2, and we see (n|u) = (v1|w) = (m|w
′) = (ni|wi) = 0 and u =
∑d−2
i=1 xiwi +
xw + x′w′. Note we have (m− yn|w′ − yu) = 0 for all y ∈ C.
Take m1 = m, m2 = n, u2 = u and u1 = w
′ in (3.6), with
∑
r∈I vr ⊗ t
r replaced by
v1 ⊗ t
r′, we have((
(w′|α+ r′) +mw′ T
)( d−2∑
i=1
xini + xv1 + x
′m
)( d−2∑
i=1
xiwi + xw + x
′w′
)T
+
( d−2∑
i=1
xiwi + xw + x
′w′|α + r′
)((
w′
∣∣ d−2∑
i=1
xini + xv1 + x
′m
)
−
( d−2∑
i=1
xiwi + xw + x
′w′
∣∣α + r′)
− m
( d−2∑
i=1
xiwi + xw + x
′w′
)T
−
( d−2∑
i=1
xini + xv1 + x
′m
)
w′ T
))
v1 ⊗ t
m+r′ ∈ N.
Regard the element in the above formula as a polynomial in x1, · · · , xd−2, x
′ and the
formula holds if we replace (x1, · · · , xd−2, x
′) with any elements in (x1, · · · , xd−2, x
′) + Zd−1.
Therefore, the coefficient of each monomial in x1, · · · , xd−2, x
′ in the formula lies in N , and
in particular, the term of degree 0 with respect to x1, · · · , xd−2, x
′ lies in N , that is,
x2
((
(w′|α + r′) +mw′ T
)
v1w
T
+
(
w|α+ r′
)(
(w′|v1)− (w|α+ r
′)−mwT − v1w
′ T
))
v1 ⊗ t
m+r′ ∈ N.
Noticing that (w|v1) = 0 and we may choose x 6= 0, the above formula is equivalent to
(w|α+ r′)2v1 ⊗ t
m+r′ ∈ N.
We get v1 ⊗ t
m+r′ ∈ N in this case.
Now in all cases, we can deduce that (n1 ∧ · · · ∧ nk−1 ∧ vk) ⊗ t
m+r′ ∈ N for all m ∈ Zd.
Then Theorem 3.3 implies N = F α(V ), contradiction. The claim follows.
Remark. By the proof of Claim 2 and Claim 3, we can also deduce the following two results:
(i) If there is some nonzero v ⊗ tr ∈ N , then for any n1, · · · ,nk−1 such that α +
r,n1, · · · ,nk−1 are linearly independent, we can deduce (n1∧· · ·∧nk−1∧(α+r
′))⊗tr
′
∈
N for some r′ ∈ Zd with r′ − r ∈ Cn1 ⊕ · · · ⊕ Cnk−1;
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(ii) If (n1 ∧ · · · ∧ nk−1 ∧ vk) ⊗ t
r′ ∈ N and vk /∈ Cn1 ⊕ · · · ⊕ Cnk−1 ⊕ C(α + r
′), then
(n1 ∧ · · · ∧ nk−1 ∧ vk)⊗ t
m ∈ N for all m ∈ Zd.
Claim 4. (n1 ∧ · · · ∧ nk−1 ∧ (α + s))⊗ t
s ∈ N for all s ∈ Zd.
By Claim 3, we have (n1 ∧ · · · ∧ nk−1 ∧ (α + r
′))⊗ tr
′
∈ N . Fix any m ∈ Zd.
First assume k 6 d−1. If m /∈ C(α+ r′), we choose u ∈ Cd such that (m|u) = (ni|u) = 0
for all i = 1, · · · , k − 1 and (u|α + r′) 6= 0, applying D(u,m) we have
D(u,m)(n1 ∧ · · · ∧ nk−1 ∧ (α + r
′))⊗ tr
′
=
(
(u|α + r′) + (muT )
)
(n1 ∧ · · · ∧ nk−1 ∧ (α + r
′))⊗ tr
′+m
=(u|α + r′)(n1 ∧ · · · ∧ nk−1 ∧ (α + r
′ +m))⊗ tr
′+m ∈ N,
which implies (n1∧· · ·∧nk−1∧(α+r
′+m))⊗tr
′+m ∈ N . Ifm ∈ C(α+r′) butm 6= −(α+r′),
choose m′ /∈ C(α+r′) and m−m′ /∈ C(α+r′+m′), then by the previous argument, we have
(n1∧· · ·∧nk−1∧ (α+r
′+m′))⊗tr
′+m′ ∈ N and (n1∧· · ·∧nk−1∧ (α+r
′+m))⊗tr
′+m ∈ N .
If m = −(α + r′), the result is trivial since α+ r′ +m = 0.
Now suppose k = d. Then V is a trivial sld-module and a similar discussion as above
shows that (n1 ∧ · · · ∧ nk−1 ∧ (α+ r
′ +m))⊗ tr
′+m ∈ N for all m ∈ Zd. Claim 4 is true.
By Claim 4 and the remark before it, we see that
W =
∑
r∈Zd
(
C(α+ r) ∧
k−1∧
C
d
)
⊗ tr ⊆ N.
Suppose N 6= W and take any nonzero
∑
r∈J vr⊗t
r ∈ N \W , where J is a finite index set.
By Claim 1, we see that vr⊗t
r ∈ N for all r ∈ J . So we may assume that vr⊗t
r ∈ N \W and
vr = v1∧· · ·∧vk. If α+r 6= 0, we must have that v1, · · · , vk, α+r is linearly independent and,
by the remark following Claim 3, we can deduce (v1 ∧ · · · ∧ vk)⊗ t
r+m ∈ N for all m ∈ Zd,
forcing N = F α(V ), contradiction. Thus we have proved that W is the only nonzero proper
Ld-submodule of F
α(V ) if α /∈ Zd. Assertion (1) is proved.
If α ∈ Zd, the previous argument indicates that v⊗ t−α ∈ N \W for some v ∈ V . Denote
V ′ = {v ∈ V | v ⊗ t−α ∈ N}, then we see W ′ = W ⊕ (V ′ ⊗ t−α). Assertion (2) follows and
the theorem is completed. 
4. Modules for the q-analogue Algebras
In this section we consider the similar problems for the q-analogues of the algebras L and
L̂. We first recall the definitions for the corresponding algebras.
Let q = (qij)
d
i,j=1 be a d × d matrix over C, where qij = q
−1
ji are roots of unity. We
have the d-dimensional quantum torus Cq = Cq[t
±1
1 , · · · , t
±1
d ], which is the associative non-
commutative algebra generated by t±11 , · · · , t
±1
2 subject to the defining relations titj = qijtjti
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for i 6= j and tit
−1
i = 1. As before, we write t
n = tn11 · · · t
nd
d for any n = (n1, · · · , nd) ∈ Z
d.
It is easy to check that
tmtn = σ(m,n)tm+n, tmtn = f(m,n)tntm, ∀ m,n ∈ Zd,
where σ(m,n) =
∏
16i<j6d q
mjni
ji and f(m,n) =
∏
16i,j6d q
mjni
ji . It is not hard to verify that
f(m,n) = σ(m,n)σ−1(n,m) and f(m+ n, r) = f(m, r)f(n, r).
Denote
Radq =
{
n ∈ Zd
∣∣∣ f(n,m) = 0, ∀ m ∈ Zd}.
It is well known from [BGK] that the derivation Lie algebra of Cq is
Der(Cq) =
⊕
n∈Zd
Dern(Cq), where Dern(Cq) =

ad tn, if n 6∈ Radq,⊕d
i=1Ct
n∂i, if n ∈ Radq,
where ad tn is the inner derivation with respect to tn and ∂i is the degree derivation with
respect to the variable ti, that is, ∂i(t
n) = nit
n, for i = 1, · · · , d. As before, we also denote
D(u,n) = tn
∑d
i=1 ui∂i for u ∈ C
d and n ∈ Radq. The Lie bracket of Der(Cq) can be given
explicitly as
[ad tm, ad tn] = ad[tm, tn],
[D(u, r), ad tn] = (u|s) ad trts,
[D(u, r), D(v, s)] = σ(r, s)
(
(r|v)D(u, r+ s)− (s|u)(v, r+ s)
)
,
for all m,n /∈ Radq, r, s ∈ Radq and u,v ∈ C
d.
Similarly, for any α = (α1, · · · , αd) ∈ C
d and gld-module V , the tensor space F
α
q (V ) =
Cq ⊗ V admits an Der(Cq)-module structure defined by
(4.1)
(ad tm)(tn ⊗ v) = [tm, tn]⊗ v,
D(u, r)(tn ⊗ v) = σ(r,n)tr+n ⊗
(
(u|n+ α) + (ruT )
)
v,
fro any m /∈ Radq, r ∈ Radq,n ∈ Z
d,u ∈ Cd and v ∈ V .
The Lie algebra Der(Cq) has a natural subalgebra
Ld(q) =
⊕
n∈Z2
Ld(q)n, where Ld(q)n(Cq) =

ad tn if n 6∈ Radq,∑d
i,j=1Ct
n(nj∂i − ni∂j) if n ∈ Radq .
Adding the degree operators, we get another subalgebra L̂d(q) = Ld(q)⊕
∑d
i=1C∂i, which is
called the skew derivation Lie algebra of Cq. We see that L̂d(q) is spanned by all ad t
n for
n 6∈ Radq and D(u,n) for u ∈ C
d,n ∈ Radq with (u|n) = 0. Now we can regard F
α
q (V ) as
an Ld(q)-module as well as an L̂d(q)-module.
In what follows, we will denote L(q) = Ld(q), L̂(q) = L̂d(q) and L = Ld, L̂ = L̂d for
simplicity.
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Remark that when qi,j = 1 for all i, j = 1, · · · , d, we have Cq[t
±1
1 , · · · , t
±1
d ] = C[t
±1
1 , · · · , t
±1
d ]
is just the usual Laurent polynomial algebra and L(q) and L̂(q) are just the algebras L and
L̂ we studied in the previous sections.
Note that [Cq,Cq] =
∑
n/∈Radq
Ctn. We see that L′(q) =
∑
n∈Radq
∑d
i,j=1Ct
n(nj∂i − ni∂j)
and L̂′(q) = L′(q)⊕
∑d
i=1C∂i are subalgebras of L(q) and L̂(q), respectively. Further more,
ad[Cq,Cq] =
∑
m/∈Radq
C ad tm is an ideal of both L(q) and L̂(q). We have
(4.2) L(q)/ ad[Cq,Cq] ∼= L
′(q) ∼= L and L̂(q)/ ad[Cq,Cq] ∼= L̂
′(q) ∼= L̂.
By Theorem III.2 oin [N] (or cf. [LZ3] Lemma 3.3), by replacing t1, · · · , td with another
set of suitable generators tn1, · · · , tnd, we can assume that q2i−1,2i = q
−1
2i,2i−1 is a primitive
root of unity of order l2i−1 = l2i > 2 for any i = 1, · · · , d0 with 2d0 6 d and all other qij = 1.
For convenience, denote li = 1 for 2d0 + 1 6 i 6 d and l = (l1, · · · , ld). Fix these notations
from now on. Under this assumption, we have Radq =
⊕d
i=1 liZ. Then the Lie algebra
isomorphisms in (4.2) can be given by
(4.3) D(u,n) 7→ D
( d∑
i=1
liui,
d∑
i=1
ni
li
)
,
for all u = (u1, · · · , ud) ∈ C
d and n = (n1, · · · , nd) ∈ Radq with (u|n) = 0.
We first consider F αq (V ) as a module over the subalgebras L
′(q) ∼= L or L̂′(q) ∼= L̂. Denote
G = L or L̂, G ′(q) = L′(q) or L̂(q)′ for convenience. Set
I = {i = (i1, · · · , id) ∈ Z
d | 0 6 ij < lj},
then we have the G ′(q)-module decomposition of F αq (V ) as follows
F αq (V ) =
∑
i∈I
F α,iq (V ), where F
α,i
q (V ) =
∑
r∈Radq
Ctr+i ⊗ V.
For the gld-module V , we define a new action of gld on V as follows: for any B ∈ gld and
v ∈ V , we set B ◦ v = LBL−1v, where L = (δijli)
d
i,j=1 is the an invertible matrix. Denote
this new gld-module by V
(l). Using the Lie algebra isomorphisms (4.2) given by (4.3), we
can view each F α,iq (V ) as a G-module and moreover, we have the G-module isomorphism
(4.4) F α,iq (V ) −→ F
αi(V (l)), tn+i ⊗ v 7→ t
n1/l1
1 · · · t
nd/ld
d ⊗ v, ∀ n = (n1, · · · , nd) ∈ Radq,
where i = (i1, · · · , id) ∈ I, αi = (
α1+i1
l1
, · · · , αd+id
ld
) and F αi(V (l)) is the G-module studied in
Section 3.
Noticing that (ad[Cq,Cq])F
α,0
q = 0 by (4.5), we see that the L(q) or L̂(q)-module structure
of F α,0q (V ) is completely determined by the G
′(q) ∼= G-module structure of F α0(V ), which is
completely determined by results in Section 3. Now, as in [LZ3], we denote
Gαq (V ) =
∑
i∈I,i 6=0
F α,iq (V ).
Then we have
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Theorem 4.1. Gαq (V ) is an irreducible L(q)-module and hence an irreducible L̂(q)-module.
Proof. Take any nonzero L(q)-submodule N of Gαq (V ), then Ni = N ∩ F
α,i
q (V ) is an L
′(q)-
submodule of F α,iq (V ) for any i ∈ I \ {0}.
Claim 1. Ni 6= 0 for some i ∈ I \ {0}.
Take any nonzero w =
∑
i∈J t
r+i ⊗ vi ∈ N for some r = (r1, · · · , rd) /∈ Radq, some finite
subset J ⊆ Zd with 0 ∈ J , and nonzero vi ∈ V, i ∈ J . If J ⊆ Radq, the claim already holds.
Now suppose J 6⊆ Radq and take any j = (j1, · · · , jd) ∈ J \Radq. Recall Radq =
⊕d
i=1 liZ,
we may assume that not both of j1 and j2 are divisible by l1 = l2 without loss of generality.
There exist a prime p and an integer k ∈ Z+ such that
(j1, j2) ∈ (p
k
Z× pkZ) \ (pk+1Z× pk+1Z), l1 = l2 ∈ p
k+1
Z.
It is obvious (r1, r2) /∈ (p
k+1Z)2 or (r1+j1, r2+j2) /∈ (p
k+1Z)2, and without loss of generality,
we may assume that (r1, r2) /∈ (p
k+1
Z)2. So there exists n = (n1, n2, 0, · · · , 0) ∈ Z
d such
that neither r1n2 − r2n1 nor j1n2 − j2n1 is divisible by p
k+1. Hence neither r1n2 − r2n1 nor
j1n2 − j2n1 is divisible by l1 = l2.
Set r′ = (r1, r2, 0, · · · , 0) and j
′ = (j1, j2, 0, · · · , 0) ∈ Z
d. If qj1r221 − q
j2r1
21 6= 0, we have
0 6= w′ = (ad tr
′
)w =
∑
i∈J
[tr
′
, tr+i]⊗ vi =
∑
i∈J\{0}
qr1r221
(
qi1r221 − q
i2r1
21
)
tr+i+r
′
⊗ vi ∈ N.
Now suppose qj1r221 −q
j2r1
21 = 0, or equivalently, j1r2−j2r1 is divisible by l1 = l2. First applying
ad tn on w we get
0 6= (ad tn)w =
∑
i∈J
[tn, tr+i]⊗ vi =
∑
i∈J
tn+r+i ⊗ v′i ∈ N,
where v′i =
(
q
(r1+i1)n2
21 − q
(r2+i2)n1
21
)
vi ∈ V with v
′
0 6= 0 since r2n1 − r1n2 is not divisible by l1.
Next we apply ad tn+r
′+j′ and obtain
w′ = (ad tn+r
′+j′)(ad tn)w = (ad tn+r
′+j′)
∑
i∈J
tn+r+i ⊗ v′i =
∑
i∈J\{j}
[tn+r
′+j′ , tn+r+i]⊗ v′i ∈ N.
Since n1j2 − n2j1 is not divisible by l1 = l2, we have
[tn+r
′+j′, tn+r] = q
(n1+r1)(n2+r2)
21 (q
(n1+r1)j2
21 − q
(n2+r2)j1
21 ) = q
(n1+r1)(n2+r2)
21 q
j1r2
21 (q
n1j2
21 − q
n2j1
21 ) 6= 0
and hence 0 6= w′ ∈ N .
Replacing w with w′, we have made the index set J smaller. Repeat this process several
times, we can reach a nonzero element in Ni for some i ∈ I \ {0} and the claim follows.
By the above claim, we can take i ∈ I \ {0} such that Ni 6= 0. Since L
′(q) ∼= L, we have
that Ni is isomorphism to one of the L-submodules of F
αi(V (l)) (cf. (4.4)) as described in
Section 3. In particular, there exist r ∈ Radq and nonzero v ∈ V such that t
r+i ⊗ v ∈ Ni by
Theorem 3.4 and Theorem 3.7. Fix this v, and by the module action (4.5), we see that
K = {tn | n 6∈ Radq, t
n ⊗ v ∈ N}
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is a nonzero Zd-graded ideal of the Lie algebra [Cq,Cq]. By Lemma 2.2 of [LZ3], [Cq,Cq] is a
Zd-graded simple Lie algebra, so we have K = [Cq,Cq] and hence [Cq,Cq]⊗ v ⊆ N . Now let
V ′ = {v′ ∈ V | [Cq,Cq]⊗ v
′ ∈ N}.
Again by the module action (4.5) we see that V ′ is stable under the action of rTu for all
r ∈ Radq,u ∈ C
d with (u|r) = 0, hence under the action of sld. We obtain that V
′ is a
nonzero submodule of sld and hence V
′ = V . The theorem is completed. 
(4.5)
(ad tm)(tn ⊗ v) = [tm, tn]⊗ v,
D(u, r)(tn ⊗ v) = σ(r,n)tr+n ⊗
(
(u|n+ α) + (ruT )
)
v,
fro any m /∈ Radq, r ∈ Radq,n ∈ Z
d,u ∈ Cd and v ∈ V .
Summarize the results in this section, we can conclude that
Theorem 4.2. Let V be an irreducible gld-module (maybe infinite-dimensional) and α =
(α1, · · · , αd) ∈ C
d. Denote G = L or L̂, G(q) = L(q) or L̂(q). The G(q)-module F αq (V ) can
be decomposed as the direct sum of two submodules
F αq (V ) = F
α,0
q (V )⊕G
α
q (V ).
Moreover,
(
ad[Cq,Cq]
)
F α,0(V ) = 0 and as a G(q)/ ad[Cq,Cq] ∼= G-module F
α,0(V ) is iso-
morphic to the G-module F α0(V (l)) via (4.2) and (4.4), whose module structure is completely
determined in Section 3; and Gαq (V ) is an irreducible G(q)-module.
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